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Abstract. Let q > 3 be an integer, let χ denote a Dirichlet character modulo q. For any
real number a > 0 we define the generalized Dirichlet L-functions






where s = σ + it with σ > 1 and t both real. They can be extended to all s by analytic
continuation. In this paper we study the mean value properties of the generalized Dirichlet
L-functions especially for s = 1 and s = 1
2
+ it, and obtain two sharp asymptotic formulas
by using the analytic method and the theory of van der Corput.
Keywords: generalized Dirichlet L-functions, mean value properties, functional equation,
asymptotic formula
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1. Introduction
Let q > 3 be an integer and χ a Dirichlet character modulo q. For any real number
a > 0 we consider the mean value properties of the generalized Dirichlet L-functions
defined by







where s = σ + it with σ > 1 and t both real. We can also extend temt to all s by
analytic continuation. Conserning the generalized Dirichlet series, Bruce C. Berndt
(see [1]–[3]) studied many identical properties satisfying restrictive conditions. It is
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well known that for χ a nonprincipal, primitive character modulo q, the Dirichlet






















0, χ(−1) = 1,
1, χ(−1) = −1.
and |ε(χ)| = 1. For σ > 12 − m with m a positive integer, B.C.Berndt (see [3])
derived











where G(s) is an analytic function. When n is a nonpositive integer, we can easily
calculate L(n, χ, a), in particular, L(0, χ, a) = L(0, χ). A lot of scholars also stud-
ied the mean value properties of Dirichlet L-functions. D.R.Heath-Brown (see [4])
studied the square mean value properties of Dirichlet L-functions on the line σ = 12 .
Wenpeng Zhang (see [5] and [6]) got different kinds of the mean value of Dirichlet




























which is satisfied for t > 3 and for all q. In this paper, taking s = 1, a > 1, we are
interested in the mean value properties of the generalized Dirichlet L-functions, that
is, we want to get an asymptotic formula for
∑
χ6=χ0
|L(1, χ, a)|2 ,
where χ is the Dirichlet character modulo q and χ0 is the principal character. On
the other hand, the General Riemann hypothesis points out that all nontrivial zeros
of Dirichlet L-functions lie on the line σ = 12 . It has attracted attention of many
eminent mathematicians and a great deal has been discovered about the distribution
of the zeros of Dirichlet L-functions. Therefore, we are also interested in the mean
value properties of the generalized Dirichlet L-functions especially in the critical
















where χ is the Dirichlet character modulo q, 0 6 a 6 1. About the mean value
properties of the generalized Dirichlet L-functions, we know very little at present.
At least we have not found it in any reference that available. However, the problem
is very interesting because it can help us to find some relationships between Dirichlet
L-functions and the general case. That is, we shall prove
Theorem 1.1. Let q > 3 be an integer and let χ denote the Dirichlet character









Then for any positive real number a > 1 we have the asymptotic formula
∑
χ6=χ0



























where ϕ(q) is the Euler function, µ(d) is the Möbius function and the O constant
only depends on a.




|L(1, χ, a)|2k ,
the authors can also get the asymptotic formula by similar methods, but the course
of the calculation is quite complex, so we have not given the general conclusions in
this paper.
Theorem 1.2. Let q > 3 be an integer, a real number, t > 3, and χ a Dirichlet





































12 ) + O(t
5




12 log t 2ω(q)),




x/n(n + x) a computable constant only
depending on x and ω(q) denotes the number of distinct prime divisors of q.
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Obviously, we can get the mean value of the Dirichlet L-function by taking a = 0.
So this result is brought up for a universal construction. For the general case of the















the authors cannot get the asymptotic formula for the generalized Dirichlet L-
functions because there is no good method to solve this problem. Even for k = 2,
we have not grasped a better asymptotic formula owing to the confinements of the
method in existence.
2. On theorem 1.1
To complete the proof of Theorem 1.1 we need the following several lemmas. First,
we make an identity of the Dirichlet L-functions and the generalized form.
Lemma 2.1. Let q > 3 be an integer and let χ denote a Dirichlet character
modulo q. L(s, χ) denotes the Dirichlet L-functions corresponding to χ, and L(s, χ, a)
denotes the generalized Dirichlet L-functions. Then for any real number a > 0 we
have







P r o o f. According to the definition of the Dirichlet L-functions and the gener-
alized form, we have




























so by transposition we get







This proves Lemma 2.1. 
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Lemma 2.2. Let q be an integer with q > 3 and χ a Dirichlet character modulo
q. Denote A(y, χ) =
∑
N6n6y
χ(n)d(n). Then we have the estimate
∑
χ6=χ0
|A(y, χ)|2 ≪ yϕ2(q).
P r o o f. See Lemma 4, and let k = 2 (see [6]). 












where ϕ(q) is the Euler function,
∏
p|q
denotes the product over all different prime
divisors of q, and ε is a fixed positive constant.
P r o o f. See Lemma 4, and let m = 2 (see [6]). 
Lemma 2.4. Let q > 3 be an integer and χ the Dirichlet character modulo q.


































































where A(χ, y) =
∑
q<n<y























































































≡ A1 + A2 + A3 + A4.
We will estimate each of the summands. First, we estimate A1. From Cauchy’s










































































































































































































































|A(χ̄, y)| dy ≪ ϕ
3







































































This proves Lemma 2.4. 
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Lemma 2.5. Let q > 3 be an integer and χ the Dirichlet character modulo q.




































































































































m≡n (mod q), m>n
1


































































































































































This proves Lemma 2.5. 
Next, we shall complete the proof of Theorem 1.1. From Lemma 2.1, Lemma 2.4






















































































This completes the proof of Theorem 1.1.
3. On theorem 1.2
First, we should introduce one of the most important methods. That is the so-
called saddle-point method that van der Corput (See [9]–[11]) found to deal with
exponential integrals and exponential sums which occur in a large number of prob-
lems whose solutions ultimately depend on asymptotic formulas or good O-bounds
in the 1920s. In the proof of Theorem 1.2, we usually use the following propositions.
Proposition 3.1. Let f(x), f ′(x), g(x), g′(x) be real-valued functions on the
interval [a, b], let all of them be continuous and monotonic on [a, b], and let |f ′(x)| 6
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where e(f(n)) = exp(2πif(x)), and the O-constant is absolute.
Proposition 3.2. Under the conditions of Proposition 1, let g(x)/f ′(x) be mono-
tonic on the interval [a, b] and such that f ′(x)/g(x) > m > 0 or −f ′(x)/g(x) > m >

















Combining Proposition 3.1 and Proposition 3.2, we can get

















1 − δ .
This method is simpler than the theory of exponent pairs which is, nevertheless,
fairly simple to use in practice. We will also use the theory of the exponent pairs in
the proof of Theorem 1.2. For example,
Proposition 3.4. Let b−a > 1, let f ′′(x) be continuous on the interval [a, b] and
such that




e(f(n)) = O(h(b − a)λ 12 + λ− 12 ),
where the O-constant is absolute. The theory of exponent pairs also can be found
in references [9]–[11].
In addition to the above method, we must have another important formula onfor
the Hurwitz-zeta function, that is, the famous approximate functional equation.
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Proposition 3.5. Let s = σ + it, and let real numbers x, y > C > 0 be such that












+ O(x−σ log(y + 2) + yσ−1(|t| + 2) 12−σ),





































































































Next, we need the following several lemmas.










p − 1 .
P r o o f. See Lemma 2 of [5]. 
Lemma 3.2. Let q be a positive integer, let 0 6 a 6 1, t > 2 be real numbers





































where ζ(s, α) is the Hurwitz zeta function which is analytic for all s except for s = 1.
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P r o o f. Let s = σ+it and σ > 1. The generalized Dirichlet L-functions converge
absolutely, so we have



































































































































































and our lemma follows immediately by analytic continuation. 
In the following, we will put a′ = a/d, q′ = q/d for brevity.




































≪ q′ 12 t 512 log t + q′t− 14 log t,
where the ≪ constant depends on a′.
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where 2πxy = t, and 0 < C < x, y < t is to be determined later.















where we denote f(b) = t2π log
nq′+b+a′















(b + a′)(nq′ + b + a′)
< 0,(9)
g′(b) =
−q′(nq′ + 2b + 2a′)
(b + a′)(nq′ + b + a′)
.(10)
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When b + a′ > t, we have
|f ′(b)| 6 1
2π
< 1,(11)







2π(b + a′)(nq′ + b + a′)
(b + a′)
1

























When b + a′ < t, for N < b < N + h < 2N , and |f ′(b)| ≪ t/N , if we take (16 , 23 ) as





















3 ≪ t 16 N 12 .



























































































































































































































≪ q′x 12 t−1 + q′ 12 x 12 t− 12 + q′ 12 x 12 t 16 log t
≪ q′x 12 t−1 + q′ 12 x 12 t− 13 log t.
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Similarly, we can also establish estimates of M2,
(17) M2 ≪ q′x
1











































≪ q′x 12 t−1 + q′ 12 x 12 t− 13 log t + q′x− 12 log t.





































≪ q′ 12 t 512 log t + q′t− 14 log t.
This proves Lemma 3.3. 



































12 ) + O(t
5
6 log3 t) + O(
√
q′ log t),
where γ is the Euler constant, and the O-constant depends on a.

























































































































































































































We will estimate each term of (18).















































































































































= q′A11 + A12 + A13.












































































































mq′ + b + a′





















(mq′ + b + a′)(nq′ + b + a′)
> 0,(24)
f ′′(b) =
−t(n − m)q′((n + m)q′ + 2(b + a′))





q′(m + a′) + 2(b + a′)
(nq′ + b + a′)
3





Therefore, f(b) is monotonic increasing, and f ′(b) is monotonic decreasing. Since
t 6 mnq′/(n − m), we have
|f ′(b)| = t
2π
(n − m)q′

























′ (q′(m + n) + 2(b + a′))
2 (nq′ + b + a′)
3











2π(mq′ + b + a′)
1
2 (nq′ + b + a′)
1
2
≫ (n − m)t√
mnq′
.(30)


























≪ q′t−1x2 log t.
Since t > mnq′/(n − m), from (25), we have
t(n − m)
m2q′2n
≪ |f ′′(b)| ≪ t(n − m)
m2q′2n
,



























































































≪ t 12 x log t + q′x2t−1 log t.









So, from (19), (20) and (33) we have
(34) A1 = q




2 x) log t
)
.




















































≪ q′ log 12 t.
(ii) For A2, since
∑
16u6y

























































































= q′(log y + γ) + O(y).
















































≪ q′ log 12 t.

































































2p e(− b+a′q′ v)v 12−it + ∑x<n6√ t2p 1(n + b+a′q′ ) 12+it + O(x− 12 log t).


























































= A31 + A32 + O(
√
q′ log t).
For A32, the estimate can be got by the same method as that of A1, so we have





















































2π(nq′ + b + a′)
, f ′′(b) =
t
2π(nq′ + b + a′)2
,
g′(b) = − 1
2q′
(






































































































≪ q′t− 34 x 32 .
When t > nq′ we obtain t/n2q′2 ≪ |f ′′(b)| ≪ t/n2q′2, so applying Proposition 3.4
























2p log t√nv(√tn + nq′√t )≪ t 34 x 12 log t + q′t− 14 x 32 log t.
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Combining (46) and (47) leads to













≪ q′x 32 t− 14 log t + t 34 x 12 log t.
Therefore, from (39), (40) and (48) we have









We know that A4 is the conjugate of A3, so they have the same estimates, i.e.









(iv) We will estimate A5. This will be done also by using the above estimates.






















































































Combining the estimates in (i), (ii), (iii) and (iv), we immediately obtain







2 x log t
)
























+ O(x−1 log2 t).
Let x = t
1
6 log3 t, y = t/(2πx). We get
(53) A = q′ log
t
2π
+ q′γ + O(q′x−
1





This proves Lemma 3.4. 
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12 ) + O(t
5









x/n(n + x) is a computable constant only depending on x, and
ω(q) denotes the number of distinct prime divisors of q. Here we have also used
∑
d|q
|µ(d)|/d ≪ q/ϕ(q). This completes the proof of Theorem 1.2.
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